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THE TWO PHASE PARABOLIC SIGNORINI PROBLEM 



MARK ALLEN AND WENHUI SHI 



f**^ ^ Abstract. We study solutions to a variational equation that models heat 

fSl ■ control on the boundary. This problem can be thought of as the two-phase 

parabolic Signorini problem. Specifically, we study variational solutions to the 

equation 



Ph. 

-^ ' / M'{t)(to ~u) + (Vu{t), V(ui--u)> 

JQ+ 



f 



\+{w+ - u+) + \.(w- - U-) d'H"~'^dt > 
'Q' 

P^ ^ without any sign restriction on the function u. We show that when the solution 

u has a sign on Q', then u is a solution to the parabolic Signorini problem 
modulo a linear factor. The main result states that the two free boundaries 



^ ! r+ = d{u{ ■ , 0, t) > 0} and T' = d{u{ ■ , 0, t) < 0} 

C^ ' cannot touch, i.e. r+ n T~ = therefore reducing the study of the free 

boundary to the parabolic Signorini problem. The separation also allows us 
to show the optimal regularity of the solutions. 

> 

'm" ' 1. Introduction 

cN ; 

\l , In this paper we study what can be termed the "two phase parabohc Signorini 

problem" . To formulate this problem we first consider a smooth domain J7 in K." 
■"sj" , that is even with respect to the x„ variable. We denote the several pieces of the 

^^ ' parabolic cylinder by 

il^ := {x e ^ \ Xn > 0} 

f7j :=r2+ X (o,r] 
n' -.= ^0 (M""^ X {0}) 



U . n'rp:=n' X (0,T] 

- - The variational formulation of this problem is given by finding a solution u with 

u{ ■ , 0) = 00 and u — g on (917)+ x (0, T] to the variational inequality 

u'{t){w ~u) + {Vu{t),V{w - u)) 



(1.1) 



A+(w+ - u+) + A_(w" - ir) dn"^-^ dt>0 



for every w e Ug == {w e W^'^i^r) \ w ^ g on {dn)+ x (0,r]}. Throughout the 
paper A± > 0. 

This problem arises as a limiting case in modeling heat control on the boundary. 
Specifically, consider the problem of fixing the temperature on one portion of the 
boundary 917+ (for instance (dfl)^). On ft' (the other portion of dH.^) we seek 
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to maintain the temperature in the fixed interval [hi, h2\. If the temperature rises 
above /12 or below hi at x £ fl' , we cool or heat the domain by injecting a fixed 
quantity of heat at x. Our problem formulated in (jl.l[) corresponds to the limiting 
case when hi = h2. If the temperature on fl' drops above or below a fixed constant 
temperature a fixed quantity of heat is injected. For more information on the 
modeling of the problem see the book [7j . There are several relevant reasons for 
studying the specific limiting case in which hi = h2- The problem in ()1.1[) can be 
seen as the "thin" version of the two phase parabolic obstacle problem which is 
formulated by replacing the domains of integration Hip and H.^ in (jl.ip with the 
solid cylinder fix- The two phase parabolic obstacle problem arises as a limiting 
case for a model for heat control regulated through the interior of the domain [7] . 
Then in both mathematical formulation and application, ()l.ip can be considered the 
"parabolic two phase thin obstacle problem" . We can also illustrate the connection 
between this two phase thin obstacle problem and the one phase thin obstacle 
problem which is also commonly referred to as the Signorini problem. The (zero 
obstacle) Signorini problem has the variational formulation 

(1.2) / u'{t){w-u) + {\/u{t),\/{w~u))>0 



for every w e {w e VFj '°(f}:^) | w = 5 on {dn)+ x (0, T] and w > on fi^}. 
We have the following 

Proposition 1.1. Let u be a solution to ()1.1|) such that u > {< 0) on ftip. 
Then u — \+Xn {—u — A_a::„) is a solution to (II. 2p 



Proof. Let u be a solution to (|l.ip . Without loss of generality we assume u > 
on flip. Assume w — u — A+a;„ on {dfl)~^ x (0, T] and w > on flip. Then define 
V := w + \+Xn- Then 

dt{u - X+Xn){w -u + X+Xn) + (V(u - A+a;„), V(zi; -u + X+Xn)) 

dtu{v - X+Xn - u + X+Xn) + (V(m - A+a;„), V(u - A+a;„ -u + A+x„)) 
+ 

T 

u'{t){v -u) + {Vu,V{v-u)) - X+d^,Xv - u) 

T 

u'{t){v -u) + (Vu, V(i; - u)) + / X+v - X+u 
n+ Jq' 

u'{t){v -u) + (Vu, V(t; -u))+ / X+V+ - X+u+ > 
: Jq' 

The last equality is true because u,v > on flip by hypothesis. The case in which 
M < on flip is proven similarly. D 



One may very well ask about the other direction. If u is a solution to (|1.2|) is 
u -.^ V + X+X+ a solution to (fLTj) ? If w is a solution to ((L2l), then \/v G iJ"'"/^ 
[10l[6]. It then follows that one may choose A+ large enough so that v + X+x^ > 
in a local parabolic neighborhood Q+. Then 

u^„(a;',0,t) = A+ if m(x', 0, t) > 

0<u^„{x',0,t) <X+ iiulx',0,t)^0. 
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It then follows that u = v + X+Xn is a solutfon to ()l.ip m Q+. 

When considering the temperature control in the interval [hi, ^,2], an important 
aspect in the study of these problems relates to the free boundaries 



r+ := d{u{x', 0, t) > /12} r- := d{u{x', 0, t)<hi} 



When hi < /12 the continuity of solutions follows from the penalization method 
used in Section |31 It is then clear from continuity of solutions that the two free 
boundaries cannot intersect, i.e. F^ n F^ = 0. One may ask if this separation is 
preserved in the limiting case when hi — h2. When the phases separate, one may 
reduce the study of the free boundaries in (jl.ip to the study of the free boundary in 
the parabolic Signorini problem since addition of ^X±Xn leaves the free boundary 
invariant. The main question therefore becomes: is Fj^nFo" = 0? (Here F^ :— Fq .) 
Recently, the elliptic (time-independent) version of this problem was studied in 
[T]. The authors in [T] showed that indeed the separation F"*" n F~ is preserved in 
the limiting case. The main result in this paper is the parabolic analogue 

Theorem 1.2. Let u be a solution to (fLTj) in Qt- Then F+ n F" n {t > 0} = 0. 

The above theorem states that even if the positivity and negativity sets in touch 
in Qip, there is an immediate separation for time t > 0. As previously noted, 
the separation of the free boundaries makes the problem locally equivalent to the 
parabolic Signorini problem. Therefore, as corollaries to Theorem 11.21 we obtain 
the optimal regularity (Corollary 15. 6p of the solutions to (jl.ip as well as regularity 
results for the free boundaries. 

The outline of this paper is as follows. 

- In section [2] we provide the notation that will be used throughout the paper. 
We also include a few preliminary results. 

- In section [3] we prove the Holder and Lipschitz regularity of solutions as well 
as the existence of solutions. 

- In section [4] we prove a nondegeneracy estimate that states that solutions must 
grow by a certain factor away from free boundary points. 

- In section [5] we use the results from the previous sections in combination with 
a monotonicity formula to provide a simple proof of Theorem ll.2l We also state as 
a consequence results involving the optimal regularity and the free boundary. 



2. Notation and Preliminaries 

Since the results in this paper are local in nature, for simplicity we will work 
over Euclidean balls and parabolic cylinders centered on the thin space M""^ x {0}. 
We will follow the notation used in [6]. For a point a; G M" we denote x = {x',Xn) 
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where x' — {xi, . . . , Xn-i). For r > 0, xq & E", to G R we let 
Br{xo) = {x G R" I |a;| < r} (Euclidean ball) 

B^{xo) = Br{xo)nR'l (Euclidean halfball) 

S; (xo ) =Br{x)nR"-^ ( "thin" ball) 

Qr{xQ,to) — Br{xo) X (to — r'^,t()] io £ K (parabolic cylinder) 
Qri^o^to) — Bl{xo) X (to — r^,fo] ("thin" parabolic cylinder) 

Qf{xo,tQ) — B^{xq) X (to ~ r^,to] (parabolic halfcylinders) 

Qr(xo,to) — Br{xo) X (to — r^,fo + r^) (full parabolic cylinder) 
Q'^{xo,to) — Bl.{xo) X (to — r^,fQ + r^) (full "thin" parabolic cylinder) 

For simplicity we write Q, Q^ and Q' instead if the center is on R"^^ x {0} x R 
and the radius is not specified. 

For a general domain VLt ^ ^ x (0,r], dpVlT = {dn x (0,r]) U (17 x {0}) is the 
parabolic boundary. For (x,t), (y, s) £ R"+^, dp{{x,t), {y,s)) = max{|x — y\, \t — 
s|^/2} is the parabolic distance; dp{Ei,E2) = mi(^^^t)£Ei,iy,s)&E2 dpiix,t), (y, s)) is 
the parabolic distance between two subsets Ei,E2 G R"''"^. 

The parabolic Sobolev spaces W^"^'"^{Qt), "^ G Z^, are the Banach spaces of 
functions with a generalized derivative d^d^u € Lq{nT) for |a| + 2j < 2m and the 
norm 

\a\+2j<2m. 

Parabolic Sobolev spaces VK„^'''(J7t), Wg'^{i^T) are the Banach spaces with the 
norms 

Mw^-^inr) = II"IU,("t) + l|Vu|lL,(nT) 
h\\w^-'{nT) = ll"lli,(f^T) + I|Vm||l,(jv) + Wdtuh^iQ^)- 
Parabolic Holder spaces H°''°'^'^{flT) for a G (0, 1] is the set of continuous func- 
tions which are H61der-a in space and H61der-a/2 in time. 
We denote the free boundaries of a solution u to (|l.ip by 

r+ = d{u{x', 0, t) > 0} r- = d{u{x', 0, t) < 0} 

The boundary here is in the sense of the topology of R"^^ x {0} x R. 

Since our solutions are defined on the half cylinder Q+ we may evenly reflect 
with respect to the x„ variable to obtain a function on Q. Whenever a solution u 
is considered on Q we mean that u is defined by even reflection unless otherwise 
specified. This evenly refiected u will satisfy (|l.ip with (5+ replaced by Q and A± 
replaced by 2A±. Sometimes it will be more convenient to work over Q. 

The following rescaling property of solutions combined with the translation in- 
variance of our equation in the x' and t variables will allow us to assume without 
loss of generality in proving most of our results that our cylinder is (5i(0, 0). 

Proposition 2.1. Let u be a solution to (|l.ip in Qi{0,0). Define 

r 
Then Ur is a solution in Qi/r(0, 0). 
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It is clear from the variational equation that 
Proposition 2.2. Let u be a solution to (jl.ip on Q^ . Then 

dtu{x,t) — Au{x,t) — 
for all {x,t) £ Q^ . Also if u > (u < 0) in a neighborhood Q of {x',0,t), then 

Fill 
(2.1) ^=^+ (-^-)o"Q' 



Remark 2.3. (|2.ip follows from the continuity of solutions which is proved in the 
next section. 

Proposition 2.4 (Uniqueness). Let Ui,U2 be two solutions to (|l.ip with Ui = U2 
on (dpQi)^ . Then ui = U2. 

Proof. Since Ui are both solutions with the same boundary data we obtain for 
-1< s < 

u[{t){u2 - Ui) + (Vui, V(m2 - Ui)) 
S+x[-l,s] 

X+{u^ -ui) + X-{u^ -u^) dW-^dt>0 

' B[x[-l,s] 

and 



/ u'2{t){ui-U2) + {Vu2,y{ui-U2)) 

Jb+x\-1.s] 

X+{u+ -u+) + X_{u^ - u^) d-W'-^dt > 



iB[x[-l,. 

we add the two inequalities above to obtain 

> / ||V(ui-li2)f >0 



B+ J-1 



-{Ui -U2f 



B7xf-l„ 



since ui = U2 on B{^ x { — 1} we obtain 

/ (Ul-W2)'<0 

J B+x{s] 

This holds for any — 1 < s < 0, so ui = U2- □ 

3. Existence and Lipschitz regularity 

In this section we prove the existence of the solution to the variational inequality 
(|l.ip and its local Lipschitz continuity. For simplicity we show it for Qf U Q'l- 
Given 

(3.1) g e Wl'\Qt),dtg £ Wl^\Qt)J ^ L2{Q+) and ^o e Wi{Bt), 

where g and (po satisfy the compatibility condition on B^ x { — 1}, we want to find 
a function u G W2' (Qi), such that u solves the variational inequality 



(3.2) / dtu{v-u)+Vu-V{v-u)+f{v-u)+ I ■ip{v)~ip{u) > ioi any v e TZg, 
jQt "'Qi 

(3.3) M = 5 a.e. on (9Bi)+ X (-1,0), w(-,-l) = ^o 
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Ug := [v e W^'^iQt) ■■v = g a.c. on {dBi)+ x (-1,0]}, 



A-|_s 


if s>0 





if s = 


-X-s 


if s < 



where 

and V' is a nonnegative, convex function defined as follows: for — A_ < < A^ 

(3.4) ^:M^M, iP{s) 

Existence and rough regularity of u can be obtained by penalization method. 
For e > 0, we consider the approximation problem 

Aug - dtu^ = f in Q^ 

dx„Ue = /3e(Ue) On Q[ 

Ue=g on {dBi)+ x (-1,0] 
Uj =: u on B^ X {—1}, 
where the penalty function /3e G C°°(M), such that 

/3,(s) = A+ifs>e; /3,(s) = -A_ if s < -e; /3^(s) > 0; /3,(0) = 0. 

The variational solution to the approximation problem exists [8] and 
We G W^2 ' iQi) with norms possibly depending on e. Now we show u^ are uniformly 
bounded in W2' {Qt)- To this end, we consider the variational equation 



(3.5) 



(Vue • V?? + dtu.r] + fr])+ / ^.(u.)?7 = 

'+X(ti,t2] JB[x{ti,t2] 



for any 77 S 1^3' (Qi^) vanishing a.e. on ((9i?i)+ x (—1,0] and (^1,^2] C (—1,0]. 

Plugging in T] — u^ — g in (j3.5p and using the fact that (i^{Uf)u^ > a.e., we 
obtain 

sup ||u,(-,t)||2^^^+^ + ||VM,||2^(^+^ 



(3.6) *^^-'^°l 



<a 



(ll^ollL(i3+) + ll3llw,^^^(Q+) + ll/llL2(Q^) 



Plugging in ry = dt{u^ — g) in (|3.5p and using the fact that B^{s) > 0, where 
B'^ = /3e with B{Q) = is an approximation of "0, we obtain 

sup ||Vw,(.,i)||2^(^+) + ||at«e|li^(Q+) 

(3.7) *^' ''°' 

< C„a± (||V^o|li.^(s+) + \\dtg\\wl^O(Q^) + l!9t5lU.(Qi) + II/IIl,(q+) 

Thus, Ue is uniformly bounded in 14^2' (Qi )■ 

Lemma 3.1 (Existence). Let g, f and ipo satisfy the condition (|3.ip . then there 
exists a solution u to (13.21) and 



Proof. Let u^ be the solution to the penalized problem, then from the arguments 
above, u^ is uniformly bounded in W2' [Qi) and satisfies p.6p and p.7p . 

Up to a subsequence ej -^ 0, Ucj ^ u in Wj' (Q]*") and Ue^- -^ u in L2{Qi). We 
claim M satisfies p.2p . To show this, we take t] = v — u^. in (|3.5I) with v &TZg, then 
due to the fact that /3j(s) > we have 



dtu,^{v-u,.)+Vu,.V{v-u,^)+fiv-u,.)+ / Se,(f)-S.,(Me,) > 0, Vw £ Tig 
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We notice that \Bej{s) — ^p{s)\ < A±sx(-e,c) for ^p as in p.4p and u^. -^ v in 
L2{Q'i) by the trace theorem (e.g. 1.5.3 in j7]). Then passing to the hmit ej — ?> 
and arguing as in section 5.6.1 in T, we obtain the existence of solutions for (|3.2p . 
The boundary condition p.3|) foUows from the trace theorem. 

D 

Next we show some uniform focal estimates for u^. First by plugging in rj = 
dxi[{dxiUe)£,'^], i ~ 1,- ■ ■ ,n — 1, (_ E C^{B^ IJ B[), and using the monotonicity of 
/?<:, we get 
(3.8) 



d^.^.uJ\r^rr^+, < C, 



[ha\\w^:HB+) + l|5tffllw,i'«(Q+) + \\c>tg\\L2iQ[) + II/IIl2(Q+) 



for i — 1, • • • , ?i, J = 1, • • • , n — 1. By using the equation, p.Sp and the estimate 
for dtUe we get a similar estimate as p.8|) for dx^XnU^. 

Let We,t = dx^Ue, i = !,■■■ ,n. Then by dSJ]) and dHU) We,^ S W^'^iQt). 
Moreover, we have 

\\'^'^dwi'°(Q+)+ ^^P lke,»(-,0llL2(Q+) < C(n,r,A±,(^o,g,/)- 
te(-i,o] ^ 

Now we assume that / G Loo{Qi)- It is not hard to see that w^,i for i = 1, • • • , n — 1 
are weak solutions of 

(3.9) AweA - dtWe,i = dxj in Q:^ , dx„We,i = l3'^{ue)wi:,i on Q'^ 
and a weak solution of 

(3.10) Aw^^i - dtw^^i ^ dx„f in Q:^, w^^i = /3^{u^) on Q'^, 

ii i = n. 

Since l3'^{Uf) > in p.9p . then applying the local Loo estimate for the conormal 
problem (Theorem 6.41 in 9 J to w'^^ and w~^ seperately we obtain 

sup |u;e,i| < C„,r||w£,i||^^(g+) < C(n,r, A±,(/Po,5>/): i = l,---,n-l 
Q+uq; 

To estimate We,„, we notice that |/3£(ue)| < max{A_|_, A_}. Hence by the boundary 
estimates (Theorem 6.30 in '9|) we obtain 

sup IWe.nl <Cn,r,\±{\\We,n\\L2{Q+) + \\f\\LUQt)^ < C(n, T, A± , (^0, 3, /) ■ 

Thus, Vwe is uniformly bounded in Loc{Qt U QJ,). 

To show Holder 1/2 in t, we use the maximum principle argument of Gilding, 
which for Dirichlet boundary datum can be found in Chapter II of j9j. 

Assume ||VMe||^^/Q+N < L. Let 

Q ^ Br{xo) X {to,to + R^/An),Q' = B'j^{xo) x {to,to + R^ /An),Q+ = Qn{a;„ > 0}, 
where {xo,to) e {a;„ = 0}, < i? < r. We consider 

sup \.f\ + ^ \ {t -to) + ^\x - xop + (L + A)i? ± (u, - Ue(xo, io)) - Aa;„, 

where 

s= sup \ue{xQ,t) — u^{xo,tQ)\, A = max{A_|_, A_}. 

te{to,to+R'^/4n) 
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It is not hard to verify that 

H^^vf -dtvf <Oing+, 

d^^vf < on g', 

-1;,=^ > on9pQn{a;„ > 0}. 

Hence by maximum principle we have v^ > in Q^. Evaluating the inequality at 
X — x^ and taking the supremum over all t gives 

which yields 

T>1 

(3.11) s<sup|/|— + (L + A)i?. 

Q+ 2n 

Now let R= {ti~ to)^/^, where ii e {to, to + r^)- Then ([XTT]) implies 

\u,ixo,ti)-u,{xo,to)\ <C(n,/,A,L)|ii-ior/', xq G M""^ 

Then by a standard argument using the representation formula for the heat equation 
(see chapter IV in [8]), one can show that u^ is uniform Holder 1/2 in t in Q^ for 
re (0,1). 

We summarize the estimates above in the following lemma. 

Lemma 3.2 (Interior regularity). Let u E W^ (Qi) satisfy (13.211 and (I3.3|l with 
g G W^'^of), dtg € W^'°{Qt), f e L^{Qt) and ^0 e WI{BX). Then u e 
W2-\Q+) and u e iJi'i/2(g+ U Q'^) for r £ (0, 1). More precisely, 

Mw^.i(^Q+) < CnA\\fo\\w^.2^B+) + \\9tg\\w^:0(^Q+) + \\dtg\\L2{Q[) + ll/lli^CQf ))' 

and 

II"IIhi-i/2(q+uq;,) < C{n,r,X±,tpo,gJ). 
From the regularity we obtain the immediate corollaries 

Corollary 3.3. For a domain Q, let Uk be a sequence of solutions to (jl.ip on Qt- 
Let D (^ Q. Assume that 

\\uk\\ Hi.U2{n+UOmega'^) - ^ 

then there exists a convergent subsequence Uk -^ uo such that 

(1) Uk -^ uo m H^'^'^i^r) 

(2) Uk -^ Uo in H°''°'/'^(Dt) for every a <l 

(3) Uo £ H ' ' (ilr) and uo is a solution to (jl.ip in Dt 

This next corollary will provide us with the existence of so called "blow-ups" . 

Corollary 3.4. Let u be a solution to (jl.ip with u(0, 0) = 0. Let Uj. be defined as 
in Proposition \2.1\ Then there exists a subsequence u^^ -^ Wq such that 

(1) Mo G H^-^''^{Qr) for every R>Q 

(2) Uo is a solution to (jl.ll) in Qji for every R > 
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4. NONDEGENERACY 

This section is devoted to proving a nondegeneracy property. This resuh states 
that the sup (inf ) of a solution must grow hnearly from a free boundary point of 
F"*" (r~). In this section it wih be convenient to work with the solution over all of 
Q obtained by even reflection. 

We begin with the following comparison principle. 

Proposition 4.1 (Comparison Principle). Let u,v be two solutions with u < v on 
dpQ. Then u < v in Q. 

Proof. Let D :— {{x,t) € Q | a;„ > and u > v}, which is open by the continuity 
of u and v. Assume it is not empty. We note that u,v are solutions over D that 
share the same boundary data on {dD n {t < 0}) + . Although D is not a cylinder, 
the same method employed in proving Proposition 12.41 mav be used to show u = v 
on D, which is a contradiction. Then u < v. 

a 

Lemma 4.2. There exists e > depending only on X± and n such that ij u^ is the 
solution with constant boundary data e on dpQi, then 

u,{x', 0,t)=0 for all {x' , 0, t) £ Q[/^ 

Proof. Suppose by way of contradiction that there exists e^ — ;> and points 
{x'i^,0,t^.) e Q'i/2 such that 

Ue^(Xfc,0,ifc) > 

By Proposition 14.11 since u^ = e on dpQi, then u^ > in Qi. Then Ue — A+a;^ is 
a solution to the parabolic Signorini problem on Q^ . Then by H""'^ estimates in 
Q3/4 for V(uc — A+X+) pj independent of e, we obtain that u^ — >■ uq and Vwe ^■ 
Vuo = in i/"'"/2 in Q3/4 for a < 1/2. But 

dx„ue^{x'k,0,tk) = A+ 
and for a subsequence (x'j,,0,ifc) — > (a;Q,0,io) G Q' in-- so that 

9x,.wo(a;o'0>^o) = A+ 
which is a contradiction since uq = 0. D 

Theorem 4.3 (Nondegeneracy). Let u be a variational solution to (jl.ip . There 
exists e > with e depending only on X± and n such that if u\g q^ < er {u\g q^ > 
—er) then 

uix) < {u{x) > 0) for X e Q[./2 

Proof. First we note that by rescaling we only need to prove Theorem 14.31 on Qi. 
By Lemma [4.21 Mc = in Q'j^^ for e sufficiently small. By Proposition 14. II if u < e 
on dQi, then u < u^. The case for which u > — e is proven similarly. D 

From Theorem 14.31 we immediately obtain the following corollary. 

Corollary 4.4. If u is a solution and G F+ (0 G F^), then 



(4.1) sup u>Cr inf u < -Cr 

dpQr \9pQr 

Where C depends only on A+, A_ and n. 
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Remark 4.5. All of the results in this Section may be restated with Qr replaced by 
the full cylinder Qr- The proofs will be identical. 

5. The Separation 

We begin this section by stating a monotonicity formula for parabolic equations 
that first appeared in [4]. Let 

G(x,t) := - — L^e-I^l'/-** for {x,t) e R" x (0,oo) 

be the heat kernel. Then for a function v and any t > define 

Ht,v)^ I I \\/v{x,s)fG{x,-s)dxds 

Theorem 5.1. Let ui and U2 satisfy the following conditions in the strip R" x 
[-1,0) 

d 

(a) Aui — -TrUi > 
w dt 

(b) ui- U2 = 

(c) ui(0,0) = U2(0,0) = 

Assume also that the Ui have moderate growth at infinity, for instance 

uf{x,-l) dx < Ce^+^ 

Br 

For R large and some e > 0. Then 

$(i;-ui,M2) := -^Iit;ui)I{t;u2) 

is monotone increasing for < t < 1 . 

Remark 5.2. If Ur is defined as in Proposition 12. 11 then 

$(ir2; ui, U2) = $(i; (wi)r, (U2)r) 

We will also utilize the case of equality for the formula in Theorem 15.11 

Proposition 5.3. Let Ui,U2 satisfy the assumptions in Theorem \5.1l 

Then (j){t]Ui,U2) is constant if and only if the Ui are two complementary linear 

functions, i.e., after a rotation ui ~ ax^ and ui — Px^ where a,/? > are 

constants. 

Proof. The case of equality is determined by replacing all the inequalities with 
equalities in the proof of Theorem 15.11 The fundamental inequality in the proof of 
Theorem 15. II relies on a convexity property of eigenvalues. By a result of Beckner- 
Kenig-Pipher [3 , equality is achieved in that instance when ui and U2 are two 
complementary half planes passing through the origin (see discussion in ^). Thus if 
(j){t] ui, U2) is constant, then on each time slice R" x {— s}, ui are two complementary 
linear functions. In the case of equality, each m will also solve the heat equation 
when positive. Then each m is time independent, and the Ui are therefore two 
complementary linear functions. D 

We now proceed with the proof of Theorem 11.21 
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Theorem ] 1.2[ Let m be a solution to ()l.ip in Q^. As discussed in Section[2l we may 
evenly reflect u across the thin space R"~^ x {0} and consider the solution in all of 
Q. Suppose by way of contradiction that there exists a point (xq, 0, io) G T''" n F" 
with t > —1. Since our solutions are translation invariant in the x' and t variables, 
we may translate our solution, so that (0, 0, 0) G r+ n F^. If before translating our 
solution, to < 0, we will use the results from Sections [3] and |4] as stated for Q and 
the estimates that follow will be over Q. If io = we will use the same results as 
stated for Q and the estimates that follow would be stated for Q. We then proceed 
with the so called "blow-up" procedure. We consider the rescalings Ur as defined 
in Proposition 12. II By CoroUarv 13.41 we obtain a subsequence u^ -^ uq where uq is 
a solution to (|l.ip on every compact set. We will relabel uq — v. By CoroUarv 14.41 
and Remark SSI 



(5.1) sup u>CR and inf u < -CR 

dpQR 9pQr 

for small R. Then in the limit, (|5.ip will also hold for v for every < i? < oo. Also 
by Lemma [3?2l and CoroUarv 13.41 we have 

(5.2) \v{x,t)\<C{\x\ + \t\'/'). 

V will satisfy the hypotheses for Theorem 15. II Next we perform a blow-up on v. 
That is we consider the rescalings of v with again r — > and obtain a convergent 
subsequence Vr — > ^o • ^o will be a solution to (jl.ip on every compact set and (|5.ip 
will hold for vq. By Theorem 15. II 

$(i,w+,t;") 

is monotone increasing for < t < 1. Then $(0+, v^,v^) is well defined and finite. 
By Remark 15.21 we note that for < t < 1 

^{t,v^,Vr^) = lim $(i, i;+,u^) = lim $(ir^, u+, i;") = $(0+, «+, u"). 

Thus ^{t,VQ ,Vq) is constant. By Proposition 15 .31 we conclude that Vq are comple- 
mentary linear functions. Since vq is even in the a;„ variable and vo{x' , 0, t) satisfies 
(|2?T|) when v{x' , 0,t) ^ 0, it follows that ■^o = c\xn\ for t < 0. 

If before translating our solution, (a;o,0,io) G r+ n F^ was such that to < 0, 
we must also show vq = c|x„| for t > 0. Since vq is a solution to (jl.ll) it follows 
that — A_ < c < A+. Consider wi — {vq — c|x„|)"'" and W2 — —{vq — c|a;„|)^. Now 
fo + c|a;„| is a solution to the heat equation when x„ ^ 0. Also since — A_ < c < A+ 

|^(x',0,t)>0. 

Then by even reflection each Wi is a subsolution to the heat equation with intial 
condition Wi{x' , Xn, 0) = 0. Also each Wi will also satisfy the growth estimate (|5.2|) . 
It follows from the usual proofs of Tychonoff 's theorem (or by bounding subsolutions 
from above by solutions and applying Tychonoff's theorem) that Wi = 0, and so 
Vq = c|a;„|. This is a contradiction to vq satisfying (IS.ip . D 



Remark 5.4. In the above proof we actually showed that if u is a solution to (II. ip . 
then there is no point {x'q, 0, to) such that 

(5.3) sup V > Cr and _ inf v < ~Cr 

dpQ,.{x'g,OA-i) dpQr(x'g,0,to) 

for every < r < j'o for some flxed ro. 
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As a consequence of Theorem 1 1.2 1 we may obtain a uniform separation of the free 
boundaries based on a compactness argument. 

Theorem 5.5. Let u be a solution to (jl.ip in Qi with 

lkllffl^l/2(Q,) < C 

Then there exists d > depending on C such that 

rfp((r+nQi/2),(r-nQi/2))>d 

Proof. Suppose by way of contradiction that there exists a sequence of solutions Uk 
with 

dp{{T+iuk) n Q1/2), ir-{uk) n Q1/2)) -^ 

By Corollary 13.31 we have a subsequence Uk — > uq with uq a solution to (jl.ip . 
Furthermore, as a consequence of Corollary 14.41 it is clear that there would exist 
a point (xojto) G Q1/2 ^^'^ {xo,to) would be a point satisfying (|5.3p which is a 
contradiction to Remark 15.41 D 



Because of the uniform separation of the free boundaries, we are able to transfer 
known results for solutions of (jl.2p to solutions of (|1.1|) . In particular we may state 
results about the optimal regularity of solutions as well as the regularity of the free 
boundaries. 

Corollary 5.6. Let u be a solution to (|1.1|) with 
Then 

where Ci is dependent on C, A± . 

Remark 5.7. iJ">"/2 with a > 1 denotes the parabolic Holder space as defined in 

[g and [g. 

Proof. We begin first by defining the coincidence set 

K{u) := {{x', 0, t) I u{x\ 0, t) = 0} 

We now consider a point (x,t) e Qi/2- Let d — rfp((r+ nQi/2), (r~ n(5i/2))- If the 
distance from (x, t) to a free boundary in Q1/2 is greater than d/A and (x, i) ^ A(m), 
then one may use regular interior estimates for solutions to the heat equation to 
obtain the bound in (15. 4p for u in the cylinder Qd/8(a;,i). If {x,t) S A(-u), then 
if we perform an odd reflection on u across the thin space M.'^~^ x {0}, then the 
reflected function u will be a solution to the heat equation in the cylinder Qd/4, 
and so again we obtain ()5.4p for u in the half cylinder Qj,g(x,i) U Q'^,g{x,t). If 
the distance from {x, t) to a free boundary is less than or equal to d/4, then either 
u =F ^±Xn is a solution to (|1.2p in Qj[;4(a;,i) and we utilize the optimal regularity 
result in [B] to conclude (15.41) for u in Q^,^{x,t) U (5^,g(a;,i). Then by a covering 
argument we may conclude the result. D 

The above regularity result is optimal since Re(x„_i + ixn)^'^ + X+Xn is a time- 
independent solution to (jl.ip in Qr{0, 0) for r sufflciently small and A-|_ sufflciently 
large. See discussion in Section [1] following Proposition ll.il 
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We remark here that it may be possible to use the approach in 2 to obtain a 
priori iJ"'"/2 estimates with a < 3/2. The separation of the free boundaries could 
then be obtained as a consequence of the H°''"/^ regularity. Since this paper focuses 
on the interaction of the free boundaries, we chose to first prove the separation of 
the free boundaries. Our approach is relatively short and does not require many 
technical computations or difficulties. 

Because of the separation of the free boundaries, the study of the local properties 
of the free boundaries is completely reduced to studying the free boundary in the 
parabolic Signorini problem (|1.2p . The regularity of the regular set of the free 
boundary as well as the structure of the singular set for the parabolic Signorini 
problem was recently studied in [6]. 
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